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City-Size Distribution as a Function of Socioeconomic Conditions: 
An Eclectic Approach to Downscaling Global Population 

Kyung-Min Nam*† and John M. Reilly* 

Abstract 

In this study, we introduce a new method of downscaling global population distribution, for which 
purpose conventional approaches have serious limitations in application.  Our approach is “eclectic,” as 
it explores the intersection between an optimization framework and the empirical regularities involved in 
rank-size distributions.  The novelty of our downscaling model is that it allows city-size distributions to 
interact with socioeconomic variables.  Our contribution to the urban studies literature is twofold.  One 
is our challenge to the conventional view that the proportionate growth dynamics underlies empirical 
rank-size regularities.  We first show that the city-size distribution of a region can deviate substantially 
from a log-normal distribution with cross-regional and time variations, and then demonstrate that such 
variations can be explained by certain socioeconomic conditions that each region confronts at a 
particular time point.  In addition to expanding academic debates on city-size distributions, our study can 
pave the way for various academic and professional research projects, which need spatial distribution of 
global population at fine grid cell levels as key input.  Our model is applicable to the entire globe, 
including regions for which reliable sub-regional population data sets are limitedly available, and can be 
extended easily to function as a forecasting model.    
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1.  INTRODUCTION 

This paper aims to develop a method of estimating global population distribution for a long-
term time frame.  We are motivated to this study, as traditional approaches based on Zipf’s law 
or economic optimization have significant limits in application to downscaling global population 
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distribution at fine grid cell levels, although such detailed information on demographic 
geography is often required as an essential input for various academic and professional research 
projects.  The existing methods adopt two very different conceptual lenses, where the size of a 
certain urban agglomeration is either an outcome of a random process embedded in nature or a 
result of an economy-wide optimization.  As will be discussed in detail in Section 2, each of 
these two frameworks has limitations in application, which arise from the following two 
opposing reasons.  

On the one hand, methods built on Zipf’s law attempt to explain spatial distribution of 
population in isolation from socio-economic dynamics, which may underlie the distribution.  The 
delinking suggests that socio-economic variables do not add much useful information to explain 
demographic geography within a region.  This very fact makes this approach more appropriate 
for descriptive analysis than for predictive analysis, given that, for example, urbanization, which 
leads to major changes in the existing pattern of spatial distribution of population, is widely 
believed to be a function of economic development.  Another serious issue involved in this 
approach is that the robustness of the rank-size relationship depends substantially on the 
definition of a city, which varies across countries and where researchers have discretion in 
choosing city limits, for example, metropolitan statistical areas or other definitions of an urban 
area.   

On the other hand, the optimization approach, based on theoretical considerations that would 
determine an optimal city size, requires data that are not readily available for a comprehensive 
set of cities, although it is capable of predictive analysis.  Any models built on this approach 
would need extensive data sets for various levels of economies at multiple time points and 
reliable estimates of many key economic variables and parameters.  Constructing such data sets, 
if assumed feasible, need too much time and energy, and producing reliable estimates for key 
economic variables is either nearly impossible or a huge task as it is. 

Our study attempts to address the issues mentioned above by taking an alternative approach, 
originally proposed by Asadoorian (2008).  Our method is “eclectic,” as it is constructed on the 
conceptual lens that empirical regularities involved in city-size distribution can be expressed as a 
certain functional form between the size of a city and its rank, but the functional form is 
determined largely by certain socio-economic variables.  In this sense, our major contribution to 
the urban studies literature is that we demonstrate that a theoretical connection can be built 
between the two seemingly irreconcilable traditional approaches, and by doing so we introduce a 
downscaling model that has high applicability and is capable of both descriptive and predictive 
analyses of spatial distribution of global population.  

Our paper is organized in the following way.  The first two sections explain the motivation 
and goal of our research, and review existing literature.  Then, the next two sections provide a 
detailed description of our methodology and empirical analysis results.  Section 5 shows how our 
method can be applied to predictive analysis.  Finally, Section 6 synthesizes our conclusions.  
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2. LITERATURE REVIEW 

2.1  City Size Distribution as Random Process 

As stated earlier, two approaches have been taken to estimating the distribution of urban 
population.  One of them views urbanization as a random process, which is largely irrelevant to 
economic dynamics, and focuses on finding a mathematical formulation that fits well to the 
predetermined outcome of the random process.  This approach has been inspired by George 
Zipf’s finding on the quasi-natural regularity underlying urban hierarchies (Zipf, 1949).  The so-
called Zipf’s law or rank-size rule posits that the size of a particular city tends to be determined 
by the rank of the city in urban hierarchies, sorted in population size, and the size of the prime 
city.  A substantial body of the literature found that the rank-size regularity, proposed by Zipf’s 
law or its modified versions, holds and is robust in many countries over time (Guérin-Pace, 
1995; Gabaix, 1999; Petrakos et al., 2000; Song and Zhang, 2002; Ioannides and Overman, 
2003; Soo, 2007).  With such substantial empirical support, Zipf’s law has attracted substantial 
attention in the urban studies field, leading to numerous efforts to explore improved curve fits to 
city size distribution beyond Zipf’s original Pareto distribution function (Giesen et al., 2010; 
González-Val, 2010).   

This approach, however, has confronted several challenges.  One of them is that the approach 
built on Zipf’s law lacks theoretical foundations (Carroll, 1982; Suarez-Villa, 1988; Fujita et al., 
1999).  Zipf’s law is no more than a simple presentation of empirical rank-size regularities, 
which in itself does not provide any explanation of the main drivers underlying such regularities.  
Rank-size regularities are often translated into the steady-state outcome of a random process and 
have been associated with Gibrat’s law or the proportionate growth process, which postulates 
that urban growth is independent of city size (Dobkins and Ioannides, 2000; Gabaix and 
Ioannides, 2004).  While some have found that Gibrat’s law holds in reality, others have found 
conflicting evidence, suggesting that cities with better geographic conditions or market potentials 
tend to grow faster than others (Rosen and Resnick, 1980; Black and Henderson, 2003; Córdoba, 
2008).   

Another problem that limits applicability of the approach is that the rank-size rule is not 
robust enough, particularly when small cities are included in analysis.  Zipf’s law, positing a log-
linear relationship between the size of a city and its rank or a Pareto distribution of city size, 
tends to hold for the largest cities.  In this sense, the definition of a city itself—i.e., the cut-off 
population level to be considered a city—is a key determinant of the model’s applicability 
(Rosen and Resnick, 1980; Nitsch, 2005).  From their cross-sectional study of four regions, for 
example, Malacarne et al. (2001) found that the log-linear relationship does not hold when cities 
with populations below 100,000 are included.  A more complete list of cities tends to have a log-
normal distribution in terms of city size, and a Pareto distribution roughly fits to a fraction of the 
log-normal distribution’s upper tail (Eeckhout, 2004).  The log-normal distribution of city size 
can be drawn only when it satisfies Gibrat’s law (Gabaix, 1999).    
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2.2  City Size as Optimization Outcome 

In contrast to the approach following in the footsteps of Zipf’s law, the other approach looks 
at a city’s size as an outcome of an optimization problem rather than a random process 
determined by the preexisting urban hierarchy.  This approach attempts to capture various 
interactions among economic actors and variables, often under the assumption that the size of a 
given city is determined at a level where efficiency of the city is maximized (Fujita et al., 1999).  
Although some early studies seek universal optimality in city size while ignoring various socio-
economic conditions that each city may confront (Leven, 1968), the majority of the relevant 
studies acknowledge the possibility of multiple optima in city size (Arnott, 1979).  Multiple 
optima can be attained, given that each city is endowed with a different level of external 
economies to exploit, depending on its economic base.  Such varied scopes of external 
economies across cities arise because each city is specialized in a small but distinct set of 
industrial sectors and the extent of external economies of scale substantially differs across 
sectors (Henderson, 1974).   

The possibility of multiple optima suggests a serious challenge in application of this approach 
to build a forecast model that covers a long time frame and a broad geographical space.  The 
primary reason for the challenge is that given the existence of multiple optima, researchers need 
to describe each city’s economic structure accurately.  This is a demanding task if the goal is to 
cover large areas that include many cities, as essentially, each city must be modeled 
independently.  Related data requirements are another challenge to be cleared for that purpose.  
In addition, predictive analysis of the optimization results requires many economic variables that 
may be impossible to forecast with any reliability.  Thus, the approach does not offer much real 
predictive power.  

There may be other challenges that limit application of this approach.  Varied perspectives 
surrounding the optimality concept may be one of them.  While early literature defined 
optimality in terms of net-costs of public services associated with city size (Richardson, 1972), 
more recent studies tended to define optimal city size as a population level where external 
economies of scale are maximized or the marginal social utility of a unit population increase is 
close to zero (Henderson, 1988).  In terms of objective functions, many have adopted certain 
forms of net marginal benefit function defined on a particular city size and its unit increase, 
despite some differences in detail.  However, there has been controversy regarding from whose 
perspectives such functions are to be optimized.  Some (Yezer and Goldfarb, 1978; Capello and 
Camagni, 2000; Zheng, 2007) focus on optimality from a city’s own perspective; others (Suh, 
1991; Henderson, 2000; Venables, 2005; Au and Henderson, 2006) see the need to embrace a 
regional or national perspective.  
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3. DATA AND METHOD  

As reviewed in the previous section, the existing approaches impose serious limitations on 
application to downscaling global population.  An approach built on Zipf’s law can lead to a 
descriptive model having merit in covering large samples, but the lack of theoretical foundations 
limits the model’s capability of predictive analysis.  On the other hand, an approach built on the 
optimization framework has limited applicability mainly due to intensive data requirements, 
although it can provide a useful tool for both descriptive and predictive analyses.  Our approach 
combines aspects of the two approaches, estimating distribution or regularities in population 
density and conditioning those on economic variables that are widely available. 

3.1  Data 

This study uses 0.25°×0.25° global population density data sets, developed by the 
Socioeconomic Data and Applications Center (SEDAC) at Columbia University.  Our decision 
to use grid cell data, instead of conventional population data, is to avoid the arbitrariness of 
administrative definitions.  We continue to use the word “city” or “urban area” to describe our 
basic unit of analysis, but what we mean is population located in a geographically defined grid of 
0.25°×0.25° with at least 2 persons/km².  Using grid cell data is also consistent with much 
environmental research that has motivated this analysis, and prevents the robustness of our 
results from being dependent on an artificially chosen sample size, which has been a serious 
critique leveled against many empirical works on rank-size regularities. 

At present, SEDAC distributes the data set for six time points from 1990 to 2015 at a five-
year interval, but we use the data set for the first four time points between 1990 and 2005, 
benchmarked with actual national census data.  In addition, our analysis focuses only on 112,080 
grid cells or 44% of the world’s total land area coverage, leaving out rural or uninhabitable land 
area that have population density less than 2 persons/km².  Note from Figure 1 that this 
definition encompasses much area that would be considered rural, but here we are focusing on 
broader geographic distribution of population. 

 
Figure 1. Grid Cells Defined as Inhabitable Land.  Source: Created from SEDAC (2005). 

Urban Area

Rural or 
Uninhabitable Areas
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In addition to the population data, our analysis requires additional inputs that explain country-
specific natural endowments, development stage, and industrial structure.  Most data related to 
these variables are from the World Development Indicator Database, published by the World 
Bank (World Bank, 2011).  

3.2  Conceptual Lens 

As stated earlier, our hypothesis is that spatial distribution of global population can be 
explained by the combination of natural regularity inherent in city size and rank, as well as the 
socio-economic characteristics of the country or region in which the city is located.  Our method 
and empirical analysis test this hypothesis.  

Our method first identifies which country each of the 0.25°×0.25° global population density 
grid cells belongs to, and sorts all of the grid cells belonging to each country by their population 
density.  Then, we estimate a Beta distribution function, which allows substantial flexibility in 
distributional shape, for each country, using the global population data for four time points.  
Third, cross-sectional and time-series analyses are conducted to estimate the shape parameters of 
a Beta distribution as functions of macroeconomic variables for each country, such as per capita 
income or manufacturing share of the national income.  The final step is to link estimated Beta 
distributions with the rank-size rule. 

3.3  Rank-Size Relationship and Beta Distribution Function 

A fundamental step in our method is to link each grid cell’s density level with its rank in a 
national urban hierarchy.  It is straightforward to sort grid cells of one country by population size 
(or density level) and endow each grid cell with a particular rank, but it is not as straightforward 
to estimate a particular cell’s population size (or density level) from its given rank.  That is, if we 
know only each grid cell’s rank without having information on its density level, estimating the 
latter by using the former would need an additional assumption and a special mathematical setup, 
introduced below.  The assumption necessary to make size estimation from rank feasible is that 
the rank endowed to a particular cell within an urban hierarchy, at either national or regional 
levels, is stable across time periods.  This stability assumption allows us to apply the information 
on city-size distribution of a region, acquired from existing data, to the past or future time 
frames, for which reasonably downscaled population data sets are not available.  When the 
stability assumption is adopted, then we can translate the rank into the size (density level) by the 
following mathematical equations and transformation.   

Note that the rank of a grid cell having a density level of x (Rx) and the cumulative probability 
corresponding to that density level (cdf(x)) satisfies the equation: 

( ) 1)cdf(1 +−= xTRx  (1) 

where T stands for a total number of grid cells in a country.  Equation 1 can be transformed into 
the following equation:  



7 

y
T

Rx x =
−

−=
11 )cdf(  (2) 

Then, the inverse transformation of Equation 2 will give us the following:  
)(cdf 1 yx −=  (3) 

Equation 3 tells us that we can estimate the density level of a particular grid cell (x), as long as 
we know the cell’s rank (Rx), the total number of grid cells in a country (T), and the relevant 
cumulative distribution function (CDF).  As stability in rank is assumed and the sample size for 
our analysis (i.e., grid cells defined as inhabitable land) is determined from the 1990-2005 data 
set, we already know the first two parameters Rx and T.  Then, arriving at reasonable estimates 
for cdf(x) would complete this given rank-size transformation process.  

Adopting the approach in Asadoorian (2008), we fit the distribution of grid cell-based 
population density data to the Beta distribution function.  The Beta probability distribution 
function (PDF) is given in the following form:  

∫ −−
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where X is a random variable having values between 0 and 1, and both α and β are parameters 
that jointly determine the shape of the PDF.  As a Beta PDF is defined on a random variable 
taking values between 0 and 1, we normalized each cell’s density value to the maximum grid-cell 
value of a country after taking the natural logarithm.  The Beta PDF can easily be transformed 
into the following CDF form:  

∫
∫
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−

−
= 1

0

11

0

11

)1(

)1(
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dttt

dttt
XF

X
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 (5) 

The primary reason we fit the given rank-size distribution to the Beta distribution function is 
to take advantage of the function’s flexibility of shape.  It is likely that our grid cell-based data 
exhibit tendencies different from those in existing theories or empirical findings, as most 
literature on city size distribution is based on cities as defined in political or economic terms.  As 
shown in Figure 2, density grid cells do not necessarily follow log-normal distributions, as 
expected from the application of Gibrat’s law or a proportionate urban growth process.  Instead, 
the histograms shown in the figure demonstrate that the distribution of the log of population 
density can be skewed substantially from the mean density level either left- or rightward.   

The distributional patterns differ not only across regions but also across time periods, 
suggesting that the distribution of urban population density is dynamic and actively interacts 
with socio-economic conditions.  The greatest advantage of a Beta PDF for this research project 
is that it can illustrate various distributional patterns, depending on its two shape parameters 
(Nelson and Preckel, 1989).  This flexibility allows us to substantially relax the constraint 
associated with a certain, presupposed distributional form, such as the proportionate growth 
assumption attached to the log-normal distribution of city size.  In addition to the robustness of 
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rank-size relationship against the definition of a city, which we secure by using grid-cell data, 
this relaxed constraint in presupposed city-size distributional shape is another main improvement 
that our method can bring to the conventional approaches.  

 
Figure 2. Histogram of Density Grid Cells, 1990 and 2000: (a) USA, (b) China, (c) Europe 

Union, (d) India.  Source: Created from SEDAC (2005). 

3.4  Beta Distribution as Function of Socio-economic Variables 

Once Beta CDFs are estimated by country and time, then we analyze the empirical 
relationship between the estimated shape parameters and several socio-economic variables.  The 
hypothesis underlying this regression analysis is that the city size distribution of a society 
depends highly on a certain set of socio-economic conditions that the society confronts, which 
distinguishes our method from the conventional approaches built on empirical rank-size 
regularities.  If this hypothesis holds, then our model, though also relying on the rank-size 
relationship, would have substantially improved forecasting power of spatial distribution of 
population, compared with traditional models.  In detail, we use the following two equations to 
build empirical relationships between the two shape parameters of Beta CDF and a set of 
independent variables.  In the equations, where γ, π, δ, and η are coefficient vectors and εi and υi 
are error terms, the two shape parameters of a Beta CDF for region i (αi and βi) are estimated by 
using X and D, which denote vectors of experimental and dummy variables, respectively.  
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iiii εα +++= n terms)interactio(')ln(')ln( DπXγ  (6) 

iiii υβ +++= n terms)interactio(')ln(')ln( DηXδ

 

(7) 

We theorize that the geographic distribution of population—or the variation in parameters of 
the Beta distributions—is explained by national or regional characteristics, including natural 
endowments, industrial structure, development stage, political centrality, and historical or 
cultural differences.  Physical geographic features or natural endowments tend to determine basic 
patterns of population distribution, and the relative importance of agriculture or industry can 
significantly modify such basic patterns of demographic geography (Davis and Weinstein, 2002).  
It is also widely believed that a certain development stage that involves rapid growth of the 
market or urban sectors leads to massive inter-city migration of domestic population and affects 
the geographic distribution of population (Moomaw and Shatter, 1996).  Political centrality or 
dictatorship is known to be positively correlated to the primacy of the largest city in national 
urban hierarchies and to affect the Pareto exponent of Zipf’s plot (Rosen and Resnick, 1980; 
Ades and Glaeser, 1995).  We assume that a portion of demographic geography, left unexplained 
by these four categories, reflects inter-regional or inter-temporal variations in culture and history.  
We quantify these theoretical considerations as shown in Table 1.  In sum, our regression 
models include a total of nine explanatory variables that describe national or regional 
characteristics, and multiple sets of dummy variables and interaction terms that consider region- 
or time-specific effects on intercepts and slopes.   

Table 1. Variables Used in Regression Analysis. 
Category Variables Notations 
+  Natural 

Endowments 
Population density in total land area (persons/km²) X1  
Population density in urban area only (persons/km²) X2 

 % share of arable land in total land area X3 
 Arable land area (km²) X4 
+ Industrial Structure % share of agriculture in GDP X5 

% share of manufacturing in GDP X6 
+ Development Stage GDP per capital in PPP terms (constant international $) X7 
+ Political Centrality Size of the highest density cell in each country or region X8 

Primacy of the highest density area in each country X9 
+ Region-specific 

Fixed Effects 
(Region Dummies)  

1 if belonging to the Americas or Oceania; 0 otherwise. D1 
1 if belonging to Europe (including Russia); 0 otherwise. D2 
1 if belonging to Asia; 0 otherwise. D3 
1 if belonging to Africa; 0 otherwise. D4 

+ Time-specific Fixed 
Effects  

 (Year Dummies) 

1 if year 1995; 0 otherwise. D5 
1 if year 2000; 0 otherwise. D6 
1 if year 2005; 0 otherwise. D7 

+ Interaction Terms Combinations of log of Xi and regional dummies Di∙lnXi 
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4. RESULTS 

4.1  Goodness of Fit 

Our empirical analysis focuses on four time points (1990, 1995, 2000, and 2005) and 65 
countries, a brief description of which is shown in Table 2.  Those countries included in our 
sample are chosen based on the availability of reliable time series statistics on the independent 
variables of our primary interest and on the size of grid cell coverage (cutoff of 300 grid cells) to 
ensure good fits of actual distribution to the Beta function.  The actual distribution of population 
density in all countries included in our sample fits well to the Beta CDF.  For example, the 
goodness of fit for each of the 65 countries in 1990, when measured in R² terms, is shown to be 
94% or higher (Table 3).  Estimated Beta CDFs, compared with actual CDFs, for selected cases 
in 1990 are displayed in Figure 3.  These goodness-of-fit measures suggest that the Beta 
distribution function provides a good platform that can be used as an appropriate functional form 
for the distribution of global population density. 

Table 2. Summary of Sample Size. 
 Number of 

Countries 
Total Grid Cell 
Coverage (cells) 

Average Grid Cell Coverage 
by Country (cells) 

By Continent    
+ Asia 13 27,725 2,133 
+ Europe* 18 23,972 1,332 
+ Africa 22 20,027 910 
+ New Continent** 12 25,329 2,112 
By Income Group***    
+ Advanced Economies 12 17,302 1,442 
+ Emerging/Developing Economies 53 79,751 1,505 

* Includes Russia and other member countries of the former Soviet Union; ** Includes North and 
South Americas and Oceania; *** Adopts the country group classification by the International 
Monetary Fund. 

Table 3. Summary of Goodness of Fit, 1990. 
 Total 0.98<R²≤1 0.96<R²≤0.98 0.94<R²≤0.96 
Number of Observations 65 51 12 2 
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Figure 3. Actual and Estimated CDFs for Selected Countries, 1990. 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Log of Population Density (Rescaled)

 

 

C
um

ul
at

iv
e 

P
ro

ba
bi

lit
y

ln90n data
fit 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Log of Population Density (Rescaled)

C
u
m

u
la

ti
v
e
 P

ro
b
a
b
ili

ty

 

 

ln90n data
fit 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Log of Population Density (Rescaled)

C
u
m

u
la

ti
v
e
 P

ro
b
a
b
ili

ty

 

 

ln90n data
fit 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Log of Population Density (Rescaled)

C
u
m

u
la

ti
v
e
 P

ro
b
a
b
ili

ty

 

 

ln90n data
fit 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Log of Population Density (Rescaled)

C
u
m

u
la

ti
v
e
 P

ro
b
a
b
ili

ty

 

 

ln90n data
fit 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Log of Population Density (Rescaled)

C
um

ul
at

iv
e 

P
ro

ba
bi

lit
y

 

 

ln90n data
1990

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Log of Population Density (Rescaled)

C
um

ul
at

iv
e 

P
ro

ba
bi

lit
y

 

 

ln90n data
1990

(a) USA

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Log of Population Density (Rescaled)

C
um

ul
at

iv
e 

P
ro

ba
bi

lit
y

 

 

ln90n data
1990

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Log of Population Density (Rescaled)

C
um

ul
at

iv
e 

P
ro

ba
bi

lit
y

 

 

ln90n data
1990

(d) China

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Log of Population Density (Rescaled)

C
um

ul
at

iv
e 

P
ro

ba
bi

lit
y

 

 

ln90n data
1990

(b) Mexico

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Log of Population Density (Rescaled)

Cu
m

ula
tiv

e 
Pr

ob
ab

ilit
y

 

 

ln90n data
1990

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Log of Population Density (Rescaled)

C
um

ul
at

iv
e 

P
ro

ba
bi

lit
y

 

 

ln90n data
1990

(e) India (f) Japan

(c) Brazil

(h) Russia

Actual CDF, 1990 Estimated Beta CDF

(i) France

(j) Australia (k) Sudan (l) South 
Africa

(g) Saudi 
Arabia

R²=0.9982 R²=0.9977 R²=0.9974

R²=0.9866 R²=0.9937 R²=0.9969

R²=0.9848 R²=0.9930 R²=0.9858

R²=0.9605 R²=0.9924 R²=0.9966

1

0.8

0.6

0.4

0.2

0

Cu
m

ul
at

iv
e 

Pr
ob

ab
ili

ty
1

0.8

0.6

0.4

0.2

0

Cu
m

ul
at

iv
e 

Pr
ob

ab
ili

ty

1

0.8

0.6

0.4

0.2

0

Cu
m

ul
at

iv
e 

Pr
ob

ab
ili

ty

1

0.8

0.6

0.4

0.2

0

Cu
m

ul
at

iv
e 

Pr
ob

ab
ili

ty

1

0.8

0.6

0.4

0.2

0

Cu
m

ul
at

iv
e 

Pr
ob

ab
ili

ty

1

0.8

0.6

0.4

0.2

0

Cu
m

ul
at

iv
e 

Pr
ob

ab
ili

ty

1

0.8

0.6

0.4

0.2

0

Cu
m

ul
at

iv
e 

Pr
ob

ab
ili

ty

1

0.8

0.6

0.4

0.2

0

Cu
m

ul
at

iv
e 

Pr
ob

ab
ili

ty

1

0.8

0.6

0.4

0.2

0

Cu
m

ul
at

iv
e 

Pr
ob

ab
ili

ty

1

0.8

0.6

0.4

0.2

0

Cu
m

ul
at

iv
e 

Pr
ob

ab
ili

ty

1

0.8

0.6

0.4

0.2

0

Cu
m

ul
at

iv
e 

Pr
ob

ab
ili

ty

1

0.8

0.6

0.4

0.2

0

Cu
m

ul
at

iv
e 

Pr
ob

ab
ili

ty

0 0.2 0.4 0.6 0.8 1
Log of Population Density (Rescaled)

0 0.2 0.4 0.6 0.8 1
Log of Population Density (Rescaled)

0 0.2 0.4 0.6 0.8 1
Log of Population Density (Rescaled)

0 0.2 0.4 0.6 0.8 1
Log of Population Density (Rescaled)

0 0.2 0.4 0.6 0.8 1
Log of Population Density (Rescaled)

0 0.2 0.4 0.6 0.8 1
Log of Population Density (Rescaled)

0 0.2 0.4 0.6 0.8 1
Log of Population Density (Rescaled)

0 0.2 0.4 0.6 0.8 1
Log of Population Density (Rescaled)

0 0.2 0.4 0.6 0.8 1
Log of Population Density (Rescaled)

0 0.2 0.4 0.6 0.8 1
Log of Population Density (Rescaled)

0 0.2 0.4 0.6 0.8 1
Log of Population Density (Rescaled)

0 0.2 0.4 0.6 0.8 1
Log of Population Density (Rescaled)



12 

4.2  Socio-economic Variables as Determinants of Beta CDF  

Our next question is whether the distributional pattern of each country’s population can be 
explained to a substantial degree by key geographic and socioeconomic variables or not.  This 
analysis attempts to link empirical rank-size relationships and the urban economics literature so 
that our model can strengthen its explanatory and forecasting power for urban growth patterns.   

Our regression analysis shows that the two shape parameters of the given Beta distribution 
function are well accounted for by a subset of socio-economic variables listed in Table 1 (Table 
4).  Population density (X1 and X2), arable land coverage (X3), gross domestic product (GDP) per 
capita (X7) are common explanatory variables for both shape parameters, while the 
manufacturing share of GDP (X6) and the size of maximum density grid cell (X8) are good 
predictors of only one of the two parameters.  In addition, our analysis finds varied marginal 
effects, involving changes in slopes, of per capita GDP on the shape parameters on the New 
Continent (D1), Asia (D3), or Africa (D4), and a region-specific fixed effect, involving changes in 
intercepts, for Asian countries.  The regression models for both shape parameters are significant 
at the 1% level, and have high explanatory power.  The models for the shape parameters α and β 
have R² values of 62% and 71%, respectively.    

Table 4. Regression Analysis Results. 
LHV† 

RHV‡ 
ln(α) ln(β) 

Coefficient Standard Error Coefficient Standard Error 
lnX1 0.215** 0.041 0.117** 0.032 
lnX2 -0.260** 0.053 -0.637** 0.041 
X3

§ 0.025** 0.002 0.019** 0.002 
lnX6 -0.150** 0.044 (excluded)  
lnX7 -0.085** 0.024 -0.041** 0.014 
lnX8 (excluded)  0.272** 0.016 
D3 -1.385** 0.408 -1.080** 0.280 
D1∙lnX7 (excluded)  0.011* 0.005 
D3∙lnX7 0.177** 0.047 0.148** 0.034 
D4∙lnX7 -0.025** 0.008 (excluded)  
(Constant) 2.260** 0.210 1.563** 0.119 
R² 0.620  0.709  
Observations 260  260  

† Left hand side variable; ‡ Right hand side variable; § No logarithm is taken for Z3; * Statistically 
significant at 5% level; ** Statistically significant at 1% level. 

4.3  Comparison of Actual and Estimated Population Growth  

To test the robustness of our model, we apply our model to the 2000 data set, and compare 
our estimates with actual grid-specific density levels.  The first stage of our robustness test 
involves a comparison of two sets of the shape parameters of a Beta CDF for each of the 65 
countries—one set estimated from actual density data and the other set estimated from the 
regression models shown in Table 3.  Overall, Beta CDFs estimated from our regression models 
are reasonably close to those estimated from actual density data, presenting 78% and 65% of R² 
values for α and β, respectively (Figure 4).    
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Figure 4. Beta CDFs Estimated from Regression, Compared with Actual CDFs and Beta 
CDFs fitted to Actual Data, for Selected Countries, 2000. 
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The second stage of our test focuses on the accuracy with which our model can generate grid 
cell-specific density estimates.  This stage of the test aims to cover the entire sample of grid cells 
defined as urban area, but such coverage requires an additional task—grouping countries into 
sizable regions.  This regional aggregation is to ensure a large number of cells for each region, so 
that sorting grid cells by density and estimating related CDFs by region are feasible.  We group 
the entire world into 16 regions, with reference to the aggregation scheme adopted for the fifth 
version of the Emissions Prediction and Policy Analysis (EPPA5) model1 (Figure 5).  Although 
other regional aggregations are possible, our regional aggregation scheme benchmarks EPPA5 to 
use the model’s macroeconomic simulation results as input for long-term projection of grid cell-
specific density levels (see Section 5).  

Figure 5. Regional Aggregations in EPPA5. 

Our second-stage test results show that our model is capable of forecasting cell-specific 
density levels to a substantially accurate degree.  When actual 2000 density data and our 
estimates are compared in a cell-by-cell fashion, our model explains 76% of the total sum of 
squares.  Accuracy in the case of short-run projection may further increase through the use of 
information on cell-specific errors computed from previous years’ data sets.  We adjust the 2000 
density estimates with cell-specific errors from the 1990 data set, as shown in the following 
equation, where , .denote actual population density for grid cell i in the base year (1990, in our 
exercise), and ,  and ,∗  refer to unadjusted and adjusted density estimates for grid cell i in 
time t, respectively.  

,∗ , , , (8)

R² of adjusted estimates for 2000 reached over 0.98 (R² of 0.76 for unadjusted estimates).
Figure 6 displays actual cell-specific population growth rates between 1990 and 2000, compared 
with our unadjusted and adjusted estimates. 

1 EPPA5 is a multi-region, recursive dynamic computable general equilibrium (CGE) model built on the GTAP7 
dataset.  Paltsev et al. (2005) offers a detailed description of its earlier version. 
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Figure 6. Population Growth Rates, 1990-2000: (a) Actual Data, (b) Unadjusted Estimates, 
(c) Adjusted Estimates. Measured in % change of the 1990 population level. Only the 
grid cells, whose density levels in 2000 were 10 persons/km² or higher, are displayed. 
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5. LONG-TERM PROJECTIONS 

In this section, we aim to show how our method can be extended for predictive analysis of the 
spatial distribution of global population.  For this purpose, we apply our model to up to the year 
2100, in connection with EPPA5, and present how the patterns of spatial distribution of global 
population look in the future.  

5.1  Prime Grid Cells and Other Inputs 

The application of our population distribution model for future time periods requires that the 
independent variables listed in Table 3 be estimated for the same time periods.  As done in 
Section 4.3, we apply our model to the 16 global regions used for EPPA5, so that we can use the 
data simulated by EPPA5 as inputs for our model.  We assume that the geographic conditions 
such as total land area, urban land area, and arable land area are unchanged.  We depend for 
future population data on United Nations (2010), which provides country-specific population 
projections up to the year 2300.  In the case of the two proxy variables for economic structure 
(X6) and development stage (X7), we depend on the simulated results from EPPA5.  Density 
levels for each region’s prime grid cell (X8) are estimated by applying city-specific growth rates 
computed from the United Nations data set for the world’s large urban agglomerations from 
1950 to 2025 (United Nations, 2009).  The 2021-2025 growth rates are applied for the time 
period later than 2025. 

5.2  Projected Global Population Distribution 

The results of our predictive analysis show that each region is expected to face a spatial 
distribution of population density in 2100, which differs substantially from the one in 2000 
(Figure 7).  In some regions, further urbanization or population centralization is expected.  Most 
notably, Africa would see the emergence of a number of densely populated urban areas, whose 
density levels go beyond 1000 persons/km², and the thinning of sparsely populated areas, whose 
density levels are 10 persons/km² or lower.  Although the change is less dramatic than in Africa, 
other regions like Europe, the United States, and Oceania also show similar changing patterns of 
demographic geography.  On the other hand, other regions, such as Brazil and Russia, would 
encounter with an increasingly decentralized population distribution pattern in the future.  

China and India—the two most populous countries—are forecasted to experience urban 
growth patterns dissimilar to one another.  In the future, China’s population is expected to 
distribute in a more decentralized way, leading to fewer very densely populated grid cells.  By 
contrast, in India the existing demographic geography is likely to be somewhat strengthened with 
a gradual urbanization process still in progress.  
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Figure 7. Probability Distribution of Population Density for Selected EPPA5 Regions, 2000 

and 2100. Y-axis refers to the probability density, where an estimated Beta CDF is 
evaluated at the log of X rescaled with its regional maximum 1. 
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Figure 8. Comparison of Global Population Distribution between 2000 and 2100: (a) Actual 
Population Density in 2000; (b) Estimated Population Density in 2100 (unadjusted 
estimates); (c) Population Change between 2000 and 2100.  
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Figure 8 compares cell-specific global population distribution between 2000 and 2100.  
Africa, India, and the Middle East are at the center of the future global population growth, and 
population growth in these regions is led by several urban agglomerations.  In Africa, such urban 
agglomerations include the Casablanca-Algiers and the Cairo-Alexandria corridors of the North, 
the Lagos-Ibadan corridor and the Port Harcourt-Benin City-Enugu triangle of the West, and the 
Addis Ababa metropolitan area and the Kigali-Kampala-Nairobi corridor of the East.  In India, 
the Delhi metropolitan area, the Varanas-Patna corridor, and the Kolkata-Dhaka corridor are 
expected to lead the nation’s population growth.  In the Middle East, the growth of the Amman-
Beirut-Hamah corridor and the Baghdad and Tehran metropolitan areas is distinguished.   

In the other global regions, a relatively modest range of population change is anticipated with 
few exceptions, such as the Jakarta-Bandung-Semarang corridor of Indonesia’s Java Island.  
Most of China’s main urban areas are forecasted to experience substantial decreases in 
population.   

6. CONCLUSIONS 

In this paper, we introduce a new approach that can be used to downscale aggregated global 
population into fine grid cell levels.  The originality of our model lies in its attempt to link 
empirical rank-size regularities with the socio-economic driving forces underlying them.  The 
linkage of these two aspects is intended to reflect the cross-regional and time variations in city-
size distributions, which we have identified and demonstrated through empirical analysis in 
Sections 3 and 4.  Also, we propose to use grid cell population density data, instead of the data 
constructed on politically or socioeconomically defined urban boundaries, and thereby avoid 
defining a city in a discretionary fashion.  Accordingly, our method developed in this study is not 
subject to a few problems apparent in conventional approaches, such as city-size distributions 
affected by the sample size (or a cutoff population level to be considered a city) and the 
predetermined list of cities excluding the possibility of the emergence of new urban 
agglomerations in the future.   

Our main contribution to the urban studies literature is twofold.  First, our study challenges 
the conventional view that rank-size regularities support the random growth hypothesis, and thus 
contributes to expanding related academic debates within the urban studies circle.  As reviewed 
in Section 2, Zipf’s rank-size rule has often been translated as empirical evidence of the 
proportionate urban growth process, where a city’s growth rate is independent of its size.  So far, 
multiple studies have shown that rank-size regularities and the random growth hypothesis 
coincide with each other and support a log-normal distribution of city size.  Our study, however, 
shows that when avoiding an artificial definition of a city, the city-size distribution of a region 
can differ significantly from a log-normal distributional form and can be skewed substantially 
either left- or rightward.  We also demonstrate that the city-size distributional form of a region 
not only differs from that of other regions, but also can change substantially over time, 
depending on socioeconomic conditions that the region faces.  All of these findings undermine 
the random growth hypothesis. 
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The other contribution to the field can be that our study introduces a downscaling model, 
which can be applied to all the global regions, including the regions for which reliable 
subregional or subnational time-series population data sets are limitedly available.  We have also 
shown that our model can be extended easily to function as a forecasting model, in connection 
with other economic models such as EPPA5.   As discussed in Section 2, existing approaches 
based on the rank-size rule associated with the random growth hypothesis or the economic 
optimization framework lack applicability to construct forecast or downscaling models 
comparable to ours, mainly due to their intensive data requirements or their failure to associate 
the empirical regularities with socioeconomic conditions underlying such regularities.  We 
believe that our study can pave the way for various academic or practical research projects, 
which need spatial distribution of global population at fine grid cell levels as key input. 
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